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Abstract the average chlorophyll level for algae predictions in a ma-

rine biology setting; seismic sensors might monitor the-min
We study the problem of choosing the “best” subset of imum vibration level at a possibly dangerous frequency for
k sensors to sample from among a sensor deployment ofa building.
n > k sensors, in order to predict aggregate functions over ~ Due to the severe energy constraints inherent to sen-
all the sensor values. The sensor data being measured aresor networks, it is desirable to minimize the amount of
assumed to be spatially correlated, in the sense that the val sensed data needed to estimate such aggregate functions,
ues at two sensors can differ by at most a monotonically and thereby reduce the power needed for sensors to make
increasing, concave function of their distance. The goal is data measurements and transmit them through the network.
then to select a subset of sensors so as to minimize the preThe problem then is to decide which sensors’ data are
diction error, assuming that the actual values at unsampled most valuable to estimate the aggregate function accyratel
sensors are worst-case subject to the constraints imposedrhere is clearly a tradeoff between the amount of sensor
by their distances from sampled sensors. data needed, which translates into increased energy expen-
Even selecting sensors for the optimal prediction of the diture in the sensor network, and the accuracy of estimation
mean, maximum or minimum is NP-hard; we present ap- of the aggregate function.
proximation algorithms to select near-optimal subsets of Suppose that the sensor network hasensors, but due
sensors that minimize the worst-case prediction error. In to energy constraints, we are allowed to sample only up to
general, we show that for any aggregate function satisfying ¥ < n of them, to estimate a particular aggregate function
certain concavity, symmetry and monotonicity conditions, of interest. We then need to choose the “bésgensors to
the sensor selection problem can be modeled/asreedian help us predict the aggregate function with minimum error.
clustering problem, and solved using efficient approxima-  In order to reduce the number of measurements, one ex-
tion algorithms designed fa¢-median clustering. ploits thespatial correlationof sensors, i.e., the fact that
Our theoretical results are complemented by experimentssensors “near each other” tend to have “similar valdes”.
on two real-world sensor data sets; our experiments confirm Generally, it is believed that a good sensor set to sample
that our algorithms lead to prediction errors that are usu- should be “spread out”, i.e., cover the entire area well.
ally less than the (normalized) standard deviation of tis te In this paper, we formalize the underlying sensor selec-
data, using only around 10% of the sensors. tion problem, and provide precise characterizations of the
objectives quantifying “spread out” for several aggregate
functions. We assume that thesensor nodes are embedded
in some known metric spaceThe distancel(i, j) between
two nodesi, j in this metric gives a hard upper bound on
the difference between the sensor readingsaatd j. That
Sensor networks are becoming increasingly popular for is, any two sensors are spatially correlated in the senge tha
instrumenting and observing natural and industrial envi- their values can differ by at most their distance (or a metric
ronments. A major objective for such deployments is to preserving function of their distance) from each other. The
monitor statistical information about the phenomenon be- goal then is to devise algorithms that choose aSset size
ing sensed over potentially large areas. For instance, tem-—; - o i
perature sensors might monitor the maximum temperaturehOwgifzcé’nss‘;atc'?nco.”e'at'on Is the reason that any disctetoyment,
: . . . . , give an accurate estimate of an aggragat®h over
in a chemical reaction; chlorophyll sensors might estimate yhat is intrinsically a continuous domain.

2This space may be significantly different from the actual 2-3er
*Supported in part by NSF CAREER award 0545855, and NSF grant dimensional Euclidean space; for instance, walls could eginysically
DDDAS-TMRP 0540420 proximate nodes to measure very different phenomena.

1 Introduction




k to sample, and output an estimate of the aggregate func-a 54-node network at Intel Labs Berkeley [1], and a 23-
tion value, so as to minimize the worst-case estimatiorrerro node network at the SensorScope Grand St. Bernard De-
for the function, over all sensor values (both observed andployment [2]. We use one portion of the data sets to learn an
unobserved) satisfying all the distance constraints. |jFer appropriate distance metric, and then observe the accuracy
cise definitions, see Section 2.) of prediction of the aggregate function on another portibn o

) ) the data sets. The results show that our algorithms lead to
Remgrk 1.1 j’hls sensor selection problem can also be al- very good accuracy for predicting both the maximum and
ternatively viewed as a sensor placement problem, wheree 4yerage values over the entire network, using a much
fchere aren potential sensor quatlons covering an area of ¢ ailer subset of sensors. The subsets chosen by our al-
interest, but only: sensors, which can be placed at any of ,qithms exhibit errors that are usually five times less than

these locations. The goal is to choose a set @ications  {he (normalized) standard deviation in the data, using only
to place the sensors, in order to best estimate a particular 5.4.,nd 10% of the sensors.

aggregate function that needs to be measured over all the -, 4,0 rocess, we also observe that the metrics inferred

locations. The resulting optimi_zation _problem is of COUISE £om the measurements deviate significantly from the Eu-
the same as before, and we will continue to use the terml'clidean metric. While this is hardly surprising (various

nology of sensor selection here. man-made and natural phenomena affect correlations inde-

Remark 1.2 It might appear that even the existence of a pendently of distance), it stresses the fact that coreiati
metric providing such a hard bound on the sensor values P€tween sensor values should be learned from past mea-
cannot be guaranteed. While the metric may not coincide surements rather than just identified with physical distanc
with a low-dimensional Euclidean one, we show in Sec-

tion 4.1 how to construct such a metric based on observedl.1 Related Work

data, essentially defining the distance between two sensors

to be the maximum observed difference in measurements. Finding “good” sets of sensor nodes to sample is one of
While this metric may appear to assign unnecessarily large the central problems faced by designers and users of sen-
distances, it turns out to yield surprisingly accurate #su  sor networks. The general problem has been phrased in an
optimization framework based on utility functions by Byers
gmd Nasser [8] and Bian et al. [7].

The most common approach to formalize the problem is
to treat the sensor readings @mdom variablegor which
statistics such as mean, variance, and covariance are known
Such statistical models can then be used to estimate unob-
1. Ifthe function to be estimated is the average, and up toserved sensors’ values from other correlated sensor read-

k sensors can be measured, the optimum solufia ings. For example, using joint Gaussian models, Deshpande

the optimum solution for thé-median problem with et al. [12] show that the number of sensors to sample can be

metricd. Thatis, it is optimal to minimize _, d(i, S), decreased significantly. Under similar assumptions, Anstr
whered(i, S) = minjcg d(i, j). icher et al. [4] and Ko et al. [21] formalize the information
gained from a sensor sstas the joint and conditional en-
tropies of S, and consider the corresponding optimization
problems of maximum entropy sampling and maximum en-
tropy remote sampling, respectively. Similarly, Guesgtn
al. [14] considered the related sensor placement problem us
Since both of these classic problems have good (and pracing a mutual information objective.
tical) approximation algorithms, the corresponding senso  Staying within the framework of random variables, an
set selection problems can be approximated efficiently. alternative is to minimize the expected (squared) predic-

In general, we show that for any aggregate function with tion error, using linear regression [20]. The problem is
certain symmetry, monotonicity and concavity properties, then equivalent to the well-known problem of subset selec-
the optimum solutior can be computed as a solution to a tion for regression [24, 11] and to sparse approximation of
k-median problem. signals over dictionaries [26]. Regression assumes knowl-

We note here that we only exploit spatial correlations in edge of the variables’ covariance matrix, which can be ap-
the data, but no temporal correlations. The latter is an-inte proximated using the empirically observed covariance. An
esting direction for future extensions. essentially equivalent approach was recently proposed by

In Section 4, we evaluate the performance of our algo- Liaskovitis and Schurgers [22].
rithms on two real-world sensor data sets, collected from  Our work differs from all these approaches in that we do

Our main technical contribution is a characterization of
the worst-case sensor values for the average, maximum an
minimum functions, as well as for aggregate functions with
certain symmetry and concavity conditions (Section 3). In
particular, we obtain the following two results:

2. If the goal is to estimate the minimum or maximum
using up tok sensors, the optimum solutigh is the
optimum solution for thé-center problem with metric
d. That s, it minimizesnax; d(i, S).



not focus on stochastic dependencies between variablies, buairsi, j. Validity of assignments is precisely the sense in

rather on the case of adversarially chosen values subject tavhich we quantify the informal notion that “nearby nodes

hard constraints. Our goal is thus to minimize the worst- have nearby values.” We use the assignmegnt_L to ex-

case prediction error, instead of the expected error. press that the reading at sengas unknown. Avalid S-
The idea that good sensor sets to sample should pro-assignmenis then a valid assignment for whiah) #_L for

vide some notion of “coverage” of an area is ubiquitous all i € S. (Thus, a valid assignment is a valid, ..., n}-

in the community, and many different variants have been assignment.) In particular, we will frequently refer to the

suggested to formalize the notion of coverage (see, e.g.,S-assignment vector with it§" component equal t0 if

[3, 23)). i € S, and equal tal for i ¢ S, and denote it bp(S).
Correlations among sensor values have been exploited to

reduce energy consumption in various ways. One approachRemark 2.1 We stress here that the metric space need not,
orthogonal to ours, is to compress data while forwarding and usually will not, coincide with the 3-dimensional Eu-
them [25]. Several other papers exploit correlations to re- clidean space in which the sensors are actually placed.
duce the number of transmissions, while explicitly consid- For instance, building walls may result in two sensors with
ering the network structure used for forwarding data (e.g., small Euclidean distance measuring distinct phenomena;
[15, 29]). Yet another paradigm that takes advantage of conversely, two distant rooms could be on the same air-
correlated sensor information is Distributed Source Cgdin  conditioning control, and temperature readings in those tw
where all sensors are assumed to have perfect informatiorropoms would be very close to each other. Thus, in general,
about all correlations in the network, and can individually the metric should be inferred from past measurements or do-
compress their data before transmission [28]. main knowledge, rather than identified with Euclidean dis-
The idea of sampling sensors to evaluate an aggregat@ance (we discuss this point in more depth in Section 4.1).
function has also been suggested by Bash et al. [6] and
Ganeriwal et al. [13]. Their focus, however, lies more on Remark 2.2 The constraint that readings differ by at most

the question of how to generate a uniformly random sensoripe distance may seem overly restrictive, and it may seem
in a decentralized way, and on how to interpolate data basejesjrable to add a function : R* — R+ to the problem

on those samples.

2 Preliminaries and Notation

We first define some notation. Bold-face letteralways
denote vectors, whose entries are We writex;, ., to de-
note the vector whose entries agree withexcept the*"
entry, which isv instead. Whenever we write < x’ for
vectorsx andx’, we mean that the inequality holds falt
coordinates. We will explicitly allow vectors with some un-
defined entried..

We formally define our framework for optimizing the
sensor selection. Thesensor${1,... n} are assumed to
be embedded in some metric space. Wed{sgj) to denote
the distancebetween sensofisandj. These distances sat-
isfy the usual metric constraints, i.e., symmetdyi(j) =
d(j,4)), non-negativity {(i, j) > 0), and the triangle in-
equality @(i,5) + d(j, k) > d(i, k) for all 4, j, k). Extend-
ing the notation to sets, we writéi, S) := min,c g d(i, j)
for the distance of locationfrom setS.

The sensor reading at sengas denoted byz;, and the
vector of all sensor readings by. The distances impose

specification, requiring thate; — «;| < ¢(d(i,j)). How-
ever, so long as is monotone non-decreasing, concave,
and satisfie®)(0) = 0, replacing each distancé(i, j) with
d'(i,7) = ¢(d(i, 7)) can be easily seen to give rise to a new
metric space in which now; — z;| < d'(i, ). Thus, the
addition of a “correlation decay function” of the distance
does not add expressive power to the model.

The purpose of the sensor network is to estimate some
aggregate functionf(x). Standard examples include the
averagef(x) := 13" ;, or themaximumor minimum
f(x) := max; x; or f(x) := min,; ;.

Due to energy constraints, the algorithm is only allowed
to sample up td: of the sensor readings;. Thus, an al-
gorithm will first compute, in polynomial time, a sét C
{1,...,n} of k sensors to sample. By retrieving their val-
ues, the algorithm will learn a valig-assignment vector
x(8), wherez!®) =1 (undefined) fori ¢ S, andz!®) = =,
for ¢ € S. To this S-assignment, the algorithm will then
apply a prediction functiorf (possibly different fromf) to
compute its outpuf (x(S)). The goal of the algorithm is to
minimize itsprediction error| f(x(3)) — f(x)|. We call this

hard constraints on how much the readings of two sensorsproblemprediction error minimization

1 andj can differ. We define aalid assignmentf sensor
readingsx to be one in whichz; — z;| < d(i, ) for all

3In principle, our approach can be extended to deal with amitefi
metric space, e.g., a continuous space into which sensorsbmysaced.
The necessary modifications are fairly straightforward.

In this paper, we study this problem from a worst-case
perspective. That is, we want to design algorithms which
will minimize the prediction error under the assumption of a
worst case valid assignment. Formally, the goal is to choose
f andsS so as to minimizenaxyaiia | f(x5)) — f(x)|.



In this setting, it is convenient (and common) to think
of the valuesx as being chosen by adversarywith full
knowledge of the algorithm. So long as the algorithm is

minimum/maximum objectives, the adversary’s strategy is
to reveal identical readings at all locations$h This ob-
servation in turn can be used to rephrase the algorithm’s se-

deterministic (we briefly discuss the very interesting case lection as clustering objectives (metfiemedian and metric
of randomized algorithms in Section 5), the adversary can k-center, respectively), for which good approximation algo

predict at the outset which sstthe algorithm will choose,

and hence we can think of the process as follows: First, the

algorithm chooses a sét Then, the adversary (knowing
the prediction functionf used by the algorithm) reveals a
valid S-assignmenk to the sensors i§. Using this assign-
ment, the algorithm now computes and outpﬁ([x), after

rithms are known.

Subsequently, we generalize the insights from the argu-
ment for the average objective, and describe sufficient con-
ditions for an aggregate function under which the adversary
will reveal identical readings at all sensors.

which the adversary chooses and reveals the valid assign3.1  predicting the Average

mentx’ that includes the values for the remaining sensors

@in 5).

The values the adversary chooses in the final step mus

also be valid. We say that’ is avalid S-extensiorof the
S-assignmenk if x’ is a valid assignment, and, = z;
forall i € S. Given a setS and valid S-assighmentx,
we are interested in the worst prediction error the advgrsar
can cause against the optimal prediction functfonFor-
mally, we defineE (S, x) := max, |f(x) — f(x')|, where
x’ ranges over all validb-extensions ok. The worst-case
error for a sample sef is then E(S) := maxy E(S, %),
wherex ranges over all validb-assignments.

In our analysis, we will frequently want to reason about

the largest or smallest possible values that the adversaryx'

could choose for sensors outside We therefore define
two specificS-extensionx™ andx ™~ as follows: For all;,
xf = min;(z; + d(i, 7)), andz; = max;(z; — d(i, j)).
(Notice that fori € S and validx, the definition implies
z] =z = z;.) Using triangle inequality, it is then easy to
verify the following:

Proposition 2.3 x* andx~ are valid S-extensions of.

We will see below that given a choice of a setand a
valid S-assignmenk to S, the optimum prediction function
f can be computed in polynomial time. Thus, the crux of
the problem is to choose the set0 as to minimizeZ(S).

Our algorithms for sensor selection will be based on
known algorithms for the metri¢-median and metric:-
center problems. We formally define those problems here.

Definition 2.4 (k-median) Given a distance metrid and
a numberk, select a sefS of £ nodes so as to minimize

22 A, S).

Definition 2.5 (k-center) Given a distance metrid and
a numberk, select a setS of £ nodes so as to minimize
max; d(4, S).

3 Characterizing Optimal Algorithms

tWe first consider the case whefiix) = = >, ;.

Theorem 3.1 For any setS, the adversary’s best strategy
is to reveal identical readings of 0 at all € S. That is,
E(S) = E(S,09),

The worst case error is exactly(S) = %'Zigs d(i, S).

Proof. Let x be any validS-assignment. For any ¢ S
andj € S, the distance constraint on sensor values implies
xj; —d(i,j) < zf < x; +d(i, ) for all valid S-extensions

x' of x,i.e.,x™ < x' < xT for all valid S-extensions’ of

Since an adversary having reveabkecn S can always
choose either to extend it 5o~ or tox™ after the algorithm
has outputf(x), the optimum algorithm must be the one
outputting2 (f(x*)+ f(x7)) = -3, 3(zf +z;). Oth-
erwise, the adversary could choose the one amohgnd
x~ farther away fromf(x) and guarantee a worse predic-
tion error. Notice that botk™ andx~ can be computed by
an algorithm in timeD(kn) onceS andx are known.

When the algorithm makes this optimal choice, the pre-
diction error will be exactly

F) = 5(fxM) + f(x7))

By definition ofx™ andx—, we get that

minjes(z; + d(i, j))
—max;es(x; — d(i, 7))

(zj +d(i, j)) — (x5 — d(i, 7))
2d(i, j),

T, —X;

<

forall j € S. In particular,z;” — z; < 2d(4,S), and
the maximum error the adversary can achieve is therefore
E(S,%) < L3, d(i.9).
On the other hand, if the given assignmen®i®), then
r =d(i,S) andz; = —d(i,S), giving a matching error

In this section, we analyze the problem from the adver- of + -3, d(i, S) against the best algorithm. Thus, choosing
sary’s perspective, and show that both for the average and(®) achieves the upper bound, and must be optimal.m



The proof explicitly gives us the optimum prediction
function f for the algorithm as a corollary:

Corollary 3.2 Given a choiceS of a sensor set and afi-
assignmenk that has been revealed, the optimum predic-
tion function is f(x) = i(f(x*) + f(x7)). f can be
computed in tim& (kn).

By Theorem 3.1, the optimum s€&tthe algorithm should
choose to sample is exactly the one minimizingd(s, S).
But this is precisely the objective function of the well-
known k-median problem. Since thé&(i,j) are assumed

to be a metric, the problem of selecting the optimum set

S to sample is equivalent to the metiemedian problem,
giving us the following corollary.

Corollary 3.3 1. For every:= > 0, there is a polynomial-
time (3 + ¢)-approximation algorithm for the problem
of choosing thé:-element sef minimizing£(.S).

. UnlessNP C DTIME[pC(osloe)]  there is no
polynomial-time algorithm approximating the best set
selection to withinl + 2/e (wheree is the basis of the
natural logarithm).

The corollary follows directly from the corresponding
results of Arya et al. [5] and Jain et al. [18] for the metric

median problem. Since we use it in our experimental eval-

On the other hand, if the adversary chooses- 0(5),
the error is exactlyf(S,05)) = 1 max; d(i, S). Thus, it
is optimal for the adversary to shadS). [ ]

Again, a corollary of the proof of Theorem 3.4 provides
an optimal prediction function for the algorithm to use.

Corollary 3.5 Given a choiceS of a sensor set and an
S-assignmentx that was revealed, the optimum predic-
tion function isf(x) := & ((max; minjes(z; + d(i, 5))) +
maxjcs 2;). f can be computed in tim@(kn).

By Theorem 3.4, the algorithm should choose theSet
minimizing max;¢ g d(4, S). This is the objective function
of the (metric)k-center problem. Thus, the problem of se-
lecting the optimum sef to sample is equivalent to the
metric k-center problem, giving us the following corollary.

Corollary 3.6 1. There is a 2-approximation algorithm
for the problem of choosing theelement sef' mini-
mizing E(S).

2. UnlessP = NP, there is no polynomial-time algo-
rithm approximating the best set selection to within
2 — g, for anye > 0.

The corollary follows from the results for metrig-

uation, we will describe the local search based algorithm of center due to Hochbaum and Shmoys [16] and Hsu and

Arya et al. in more detail in Section 3.4.1.
3.2 Predicting the Maximum or Minimum

We now consider the case wheiix) = max; x;. (The

case of the minimum is analogous.) Similar to the case of

the average, we first show that for any given subiseif
sensors, the adversary achieves worst-case ér(sf) by
showing the vectod(S).

Theorem 3.4 For any setS, E(S) = E(S,08)). Thatis,

the adversary can maximize the prediction error by showing

value 0 at all sampled locations.
The worst-case error is exactly(S)

L max; d(i, S).

2

Proof. Let x be any validS-assignment. By the same
reasoning as before, the optimum algorithm must out-
put 1 (f(x*) 4+ f(x~)), which in the case of predicting
the maximum equals; ((max; minjes(z; + d(i, j))) +
max; max,eg(z; — d(i,7))). The first term can be upper
bounded bymax;(d(i, S) + max;jes z;) = max; d(i, S) +
maxjeg 2;, and the second term always attains its maxi-
mum for somei € S, so it equalsmax;cs x;. Thus, the
worst-case prediction error is

) = 5(fxH) + f(x7) < gmaxid(i,S).

Nemhauser [17]. The greedy 2-approximation algorithm
that we use is described in Section 3.4.2.

3.3 Ageneral result

We now derive a more general condition under which the
adversary’s best strategy is to reveal the ve6tsy.

Definition 3.7 (0O-centered) We say that an aggregate func-

tion f is O-centeredf it satisfies the following four condi-
tions:

1. f is monotonically non-decreasing in all its variables
and has well-defined first and second partial deriva-

tives.

2. The partial derivatives are symmetric around 0 in each
variable. In other words, for each and j, we have
20 f (%) = 5o f(Xjims,).

3. For all 4, %f(x) < 0 wheneverz; > 0, and
2, f(x) > 0 whenever; < 0.

4. Partial derivatives are maximized near 0, in the sense

that 22- £(0i0,) > 72-f(x) for all i.

- T



A sufficient condition for being O-centered is ffis of
the form f(x) = 3. fi(x;), where eaclf; : R — Ris a
monotone function which is concave &1 and convex on

R~. In particular, the condition thus applies to the sum and

average functions.

We first prove a lemma showing that the largest differ-

ences in a 0-centered function are achieved around 0.

Lemma 3.8 Let f be 0-centered. For any vectaxs b with
x; > 0foralli, f(x) — f(—x) > f(b+x) — f(b —x).

Proof. Definex to be the vector Withnz(-j) = —g, for
i < 7, and;z:gj) = z,; fori > j. Thus,x® = x, and
x(™ = —x, and we can write a telescoping series

f) = f(=x) = T (fEY) - f(x)).
f(2@) = f(=2)

is the vector with entries
= x;. For this purpose, fix an

We next show thaf (x(i—1)) — f(x1)) =
for all i, wherez® = 0,_,,
i) _

—Ofory;zéz andz

and for eachy deflney(” as the vector with\") = —z,
for » < min(i,5) orr = 4, yff’J) =x.fori < r <j,
andy{™) = 0 forr > j,r # 4. In addition, define
yd) = yl(”HQ i.e. y(7) agrees withy (")), except for
the sign in codrdinate

We cla|m thatf (57 —1) — f(y@i—D) = f(39)) —
f(y®9) for all j. We can equivalently rewrite this claim
as f(y)) — fy9=) = f(3i) — f(3D). For
j =1, this claim is trivial. For othey, we will express the
differences as integrals of differentials, and apply ctiodi

2. Specifically, by substltutlng the definitions, we rewrite

the left-hand side a§0y’ prm f(yg‘;{z)dt. Similarly, the

i,5)
right-hand side isfo" 3 (yJHt)dt But by definition
of y(i3) andy (7, the two onIy differ in the sign of th&™

coordinate, so the second property in the definition of being

0-centered implies thag%f(ygﬂ) = 376 (yyjz) and
the two integrals are equal, proving the claim.
By induction overj, we therefore also obtain that

FEE0) = fly0) = f(gm) — fy©™)). But notice
that 60 = Z(z) @0 2 _g0), andglm — x(-1)
and y(on) = x({ provmg that f (x(i~ 1)) f(x(‘)) =
f(z®) — f(fz(z ) Thus, we obtain that

fx) = f=x) = XL (")~ f(=2)).

Similarly, we can write

f(b—x)
(£(b+x(-1)

f(b+x)—

S —fbax®y. D

fo+x=)— f(b+xD) < f(2) - f(—2?). The idea
is again to write a difference as an integral of differerstial

F(b+x01) — f(b 4+ x)
= LT F (b4 xW), e @)
(4) bitas

< 50 [ (0 )dt.

bi—xj,

For simplicity, we writeh(t) :=

2 f(0;-.¢), as well as
{:=b;—z; andu := b;+z;. Condmon 3in the definition of
being 0-centered implies thatis monotone decreasing in
for ¢t > 0, and monotone increasing fox 0, and condition
2 implies thath (¢ ) h(— )forall t. If £ > 0, monotonicity
implies that[," h(t)dt < [}~ “ h(t)dt. Similarly foru < 0.
Next, once we havé <0 g U, we assume w.l.o.g. that
u+ ¢ > 0 (the caseu + ¢ < 0 is symmetric). Because
oo ph®dt < [UT2n@ydt = [f,_ ), h(t)dt by
monotonicity,

u (u—20)/2
[, h(t)dt I, th (t)dt + f( gy h(t)dt
< f(e w2 ht)dt.

But (¢ —u)/2 = —x; and(u — ¢)/2 = x;, SO we obtain that

D D f(Oi)dt < [T 2 f(0i)dt. (3)
Combining Equations (1), (2) and (3), we obtain that
> f(29) — f(—2D)

f(x) = f(—x). m

Using the above lemma, we can now prove that the
worst-case prediction error fgrwith setS sampled is max-
imized when the adversary reveals the ve@d? .

fb+x)—f(b-x) <

Theorem 3.9 If f is O-centered, then for any subsgtof
sensors,B(S) = E(S,09). That is, the adversary can
maximize the prediction error by showing the value 0 at all
sampled locations.

Furthermore, the worst-case error is then exactly
E(S) = 1(f(A) — f(—A)), whereA is the vector of dis-
tances fromS, i.e.,A; = d(i, S).

Proof. Let x be any validS-assignment. By the mono-
tonicity of f (condition 1), the maximum of is achieved by
x T, and the minimum by~ (both over validS-extensions).
Thus, the optimum algorithm outpuls f(x™) + f(x7)),
leading to a worst-case error &f f(x) — f(x7)).

For eachi, let j; € S be the closest sensor tpso that
d(i,j;) = d(i,S). Then, the definitions ok™ andx~ im-
ply thatz;” < z;, +d(i, S) andz; > x;, — d(i, S). Writ-
ing b for the vectom; = x;, for all ¢, the previous argument

We will use conditions 3 and 4 of the definition of being thengivesthat™ < b+A andx~ > b—A. Monotonicity

0-centered to upper bound each term of the telescoping sunof f implies thatf (x*) — f(x~

) < f(b+A)-f(b-A).



The latter, in turn, is at mosf(A) — f(—A) by Lemma
3.8, S0E(S,x) < 3(f(A) — f(=A)) for all x, and thus
B(S) < 5(f(A) = f(=A)).

On the other hand, for the vectofS), we obtain that
xt = Aandx™ = —A, giving E£(S,08) = E(S). =

The algorithm, with a parameter, starts with an ar-
bitrary subsetS of k& sensors, and keeps improving it by
swappingp sensors at a time, until the maximum possible
improvement is “small”. Specifically, for some polynomial
q(n) and a parameter, the algorithm tries all setS” C S
of size|S’| < p,aswell as all’ C S of size|T| = |S’|, and
updatesS'to SUT'\ S’ if the objective functiord_, d(i, S)
decreases by at least a factor _=. Arya et al. [5] show
that this algorithm gives &+ 2 + ¢ approximation, i.e., the
algorithm outputs a sef sucﬁ that the total distance of all
nodes fromsS is within a3 + 2 + ¢ factor of the total dis-
tance from the best sét*. We call this algorithm théocal
search algorithm fork-median In our implementation of
this algorithm, we chose the value of the parameter 2,
guaranteeing a+ ¢ approximation. (We noticed that in our

Using the observation made in the proof of Lemma 3.8, experiments, the performance with= 1 was not signifi-
together with the error bound proved in Theorem 3.9, we cantly different from the performance witgh= 2.)
observe that the worst-case error incurred when sampling
setS is E(S) = 5 2,(f(0icaqis)) — F(Oi—a@s)))-
Writing g;(z) := f(0;—.) — f(0;—_,), the error is thus
of the form E(S) = 33, ¢i(d(i, S)), where eachy; is a
monotone increasing concave function wgtli0) = 0.

In general, it is not clear how well clustering prob-
lems with such objective functions can be approximated.
However, if we make the additional assumption that
f is symmetric in its arguments, i.e., thgt(x)
f(@ray, ..., Tr(n) for every permutationr of {1,...,n},
then all functiongy; are equal, s&(S) = 1 3", g(d(i, S)).

It can then be seen that by replacing the metric with
d'(i,j) = %g(d(i, 7)) (which is a metric by the proper-
ties of g), we obtain the equivalent problem of choosifig

to minimize) _, d'(i, S). That s, for symmetric O-centered
functionsf, the problem reduces tomedian again.

As before, the proof also gives us the optimum prediction
function f for the algorithm:

Corollary 3.10 Given a choiceS of a sensor set and an
S-assignmenk that was revealed, the optimum prediction
function is f(x) := 1(f(x*) + f(x)). Assuming that
f can be evaluated efficiently, can be computed in time
O(kn).

3.4.2 Thek-center algorithm

For k-center, Hochbaum and Shmoys [16] give a simple 2-
approximation algorithm based on parametric pruning and
greedy selection. The 2-approximation is also the best pos-
sible unles® = NP [17].

We use a simple greedy algorithm with the same ap-
proximation guarantee, and based on similar ideas: Sgartin
from one arbitrary sens& = {i}, the algorithm repeatedly
adds taS the locationj maximizingd(j, S), and terminates
once|S| = k.

Let j be a point farthest fron§, i.e., maximizingi(j, S),
and letd = d(j,5). Then, by the choice of the algo-
rithm, S U {j} is a set at pairwise distance at leéshence,
any setS’ of at mostk points must have distance at least
d/2 to at least one of them. Therefore, the algorithm is
a 2-approximation. (The analysis sketch is analogous to
the parametric pruning analysis of Hochbaum and Shmoys
[16].) We refer to this algorithm as thgeedy algorithm for
k-centet

3.4 Approximation Algorithms

Here, we describe the approximation algorithms fer
median andk-center used in our experiments. Both are

well-studied NP-hard optimization problems [27]. ]
4 Experimental Results

3.4.1 Thek-median algorithm )
We validate our methods on two real-world data sets.

For the metridc-median problem, since the discovery of the The first data set consists of a 54-node indoor sensor de-
first constant-factor approximation by Charikar et al. [10] ployment at Intel Labs Berkeley [1]. The measurements
(based on LP-rounding), a series of papers ([19, 9, 5], were collected over a one-month period in March 2004.
among others) has led to improved approximation boundsThey comprised light, temperature, and humidity measure-
and more practical algorithms, using a variety of tech- ments, measured at each of the sensors every few seconds.
niques. On the other hand, Jain et al. [18] have shown an ap- The second data set consists of measurements from 23

proximation hardness result ©f+ 2/e for metric k-median
unlessNP C DTIME[n®(loglogn)],

We use the approximation algorithm feyrmedian due to
Arya et al. [5]. Itis based on a simple local search proce-
dure, and can be stated as follows.

sensors from the SensorScope Deployment [2], deployed
outdoors at the Grand St. Bernard Pass. These measure-
ments were collected over a one-week period in October
2007, and comprise temperature, humidity, wind speed, ra-
diation and soil moisture values, measured at each sensor



every few minutes. We report on three sets of experiments: estimating the
While both data sets contain measurements for multiple maximum and average functions for the light measurements
physical attributes, our experiments focus only on thetligh in the Intel Labs deployments, and estimating the average
data from the Intel data set (measured in Lux), and the rel-function for the humidity measurements in the SensorScope
ative humidity data from the SensorScope data (measureddeployment. (An estimate of the maximum humidity in the
in percentage). We restrict our attention to these two at- SensorScope deployment performed similarly.) For each
tributes because they exhibit larger standard deviatioas t  experiment, we use the following methodology:
the others. The other attributes (in particular, tempeggtu

show less spatial variation, so high prediction accuracy fo 1. Sample the entire set of sensors multiple times over a
them would be statistically less significant. time window to generate a set of training instances.

Each training instance corresponds to a snapshot of
all the sensor readings in the deployment at a partic-
ular time. Similarly, sample the set of sensors multiple

times over another time window to generate a set of
test instances.

4.1 Estimating the Distance Metric

Our algorithms require knowledge of the distance met-
ric d(i, j) constraining the difference in sensor readings.
Our experiments have shown that the best such metric tends 2. Clean the training and test instances to remove outliers.
to be rather independent of the Euclidean distance between
sensors. When trying to fit a mathematical function of the 3. Estimate the distance metri¢i, j) based on the train-
Euclidean inter-sensor distances to the difference ineslu ing instances, and run the sensor selection algorithm
at the sensor nodes, the result has high sum-of-squares fit-  Using this distance metric to get a seof k sensors.
ting errors. This is not particularly surprising, given tiize
Euclidean distance ignores important physical parameters
such as walls or presence or absence of shade.

4. For each test instance, use the readings &t #emsors
and the prediction functiofi(x(®)) to estimate the ob-

- : . jective functionf(x), and calculate the prediction er-
We therefore use an empirical method to directly esti- ror \f(x(s)) — f()]
mate a distance metric, using a training data set. We define '
the “distance” between two sensors to be the worst case ab- We evaluate our prediction errors in two ways. The first

solute difference in readings at the two sensors over all in-jnyolves estimating the standard deviation of the sensors
stances of the training data. in the training data set, and comparing our prediction er-
Specifically, we partition our data sets irtt@ining in- ror with the standard deviation. The second involves com-
stancesand thetest instances The training instances are  paring our prediction errors with the average and minimum
used by the algorithm to estimate the distances, and the tesprediction error obtained by using multiple randomly gen-

instances are used to evaluate the subsequent prediction arated sets of sensors, using the same test instances.
curacy. Thus, the sensor network can adapt its sampling

strategy based on the correlations estimated from past meaz 3 Light Measurements
surements.

Each training instance consists of snapshots in time of | this set of experiments, we use our algorithms on light
all the sensor values. For each sensor paif), we com-  measurements from the Intel Labs sensor deployment. We
pute the largest difference in values betweand; over all erform our analysis using data for ambient light (measured
training instances, and use the difference as an estimate an Lux) detected at each sensor, taken over a period of 9
d(i,7) for the future. It is straightforward to prove that the days from March 1st to March 9th. We cleaned the data by
function estimated in this way forms a metric. In effect, we using a median filter to eliminate outliers.
are embedding the sensors from the Euclidean space into a \we do not consider measurements after 9PM and before
new metric spacé. This eliminates the dependency on the 9AM, since we observe that the mean and standard devi-
physical coordinates of the sensors, while allowing signifi gtion during these times are usually very close to zero. In

cantly better performance in our experiments. other words, there is no challenge in providing accurate pre
_ dictions, and good performance on these data would not be
4.2 Experimental Methodology indicative of the quality of our or other algorithms.

We start by calculating the standard deviation of the test

We consider one attribute each from the two data sets:data to estimate the dispersion of the data. This helps us
light from the first data set, and humidity from the second gauge the statistical significance of results for any predic
data set. For each data set, we fix the valuke @he number  tion algorithm on this data set. Figure 1 plots the coefficien
of sensors to sample) to be around 10% of the total numberof variation (the ratio of standard deviation to the meam) fo

of sensors. the light measurements over different days and times. The



standard deviation varies from 50% to as much as 130% of
the mean, with an average standard deviation of 71% of the
mean.
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Figure 2. Predicting the Average: Prediction
o error using the k-median algorithm.

Figure 1. Coefficient of variation over light

measurements. We next compare the prediction error against that ob-

tained by using 20 different random subsets of size 5 on
each day of the test instances. We report the minimum and
the mean of the errors obtained by the random subsets. Fig-
average value and the maximum value in the sensor deploy '€ 3 plots the prediction error using okmedian based
ment using measurements from just 5 sensbrs ). algorlthm versus_those obta|_n§d by the “best” random selec-
The data from March 1st and 2nd were used for train- tion (corresponding to the minimum errorovgrall the trjals
ing instances, and the remaining seven days (March 3rd toand a“mean” random selection (corresponding to the mean
9th) provided the test instances. Based on the data from thegrror). Over Fhe seven days of test daFa, t he average predic-
first two days, a distance metric was learned which was thent'on error using the subsét (10.1%) significantly outper-

used for estimating both the maximum and the average. forn:s thef, mean random selection ano_l IS even_ bet_ter than
the “best” random selection (18.8%) using 20 trials in each

day. Note that for the random selection comparisons, the

Our experiments on this data set involve predicting the

4.3.1 Predicting the Average randomly chosen subsets are allowed to change from day to
. o day (as opposed to our algorithm’s use of the same suhset
We first present results for prediction of theeragevalue. for all the days).

We run ourk-median approximation algorithm on this dis-
tance metric to choose a subsetf 5 sensors that will sub-
sequently be used for prediction, i.e., we compute an ap-
proximate 5-median solution.

For each day, our algorithms use only the readings from
the sensors i¥ to estimate the average light value at all the
sensors. We evaluate the performance at 3-hour intervals
from 9AM until 9PM. Since sensor readings were not al-
ways available at the precise same time for all locations,

and to reduce the impact of noise, we perform compar- ’ ‘ : ‘7 : ’
isons against the average over a 10-minute window centered
around the time of prediction. Figure 3. Predicting the Average: Compar-

In Figure 2, we plot the percentage error in prediction of  ison of the k-median algorithm against the
the average light measurement using our algorithm, forall 7 minimum and average of 20 random trials.
days and times from 9AM until 9PM. Our prediction error
varies from 0.3% to 31%, with an average prediction error
of 10.1%. Notice that this constitutes a seven-fold reauncti In separate experiments, we pick random subsets of 5,
compared to the standard deviation value. 10 or 15 nodes and use them to predict the average over all



the days of the test data. We report the minimum and mean '

prediction error over 50 repetitions of this experimentr Fo ol K-centr based algortim ]
sets of 5 nodes, the mean prediction error over 50 random ssf Mean of 20 random il /\
iterations is 18.1%, while the minimum prediction error is 20l T~

12.7%. Notice that the best such set can only be determined |
in retrospect, yet thé&-median algorithm outperforms the 20 _— /
best fixed set over 50 random trials. For 10 nodes, the mean S ]
prediction error is around 13.5%, while the minimum error of

is 10.1%. It took 15 sensors for the average prediction error o

over 50 iterations to exceed our algorithm’s performance. 0 ‘

Our results show that the use of themedian algorithm ) ) ) oo ' ’ ’

gives almost a threefold saving in the number of sensors

that need to be sampled, when compared against the results Figure 4. Predicting the Maximum: Compari-

of random sampling. Table 1 summarizes these results. son of the k-center algorithm against the min-
imum and average of 20 random trials.

Scheme Avg Error  Minimum Error
5-median 10.1 - —
5 random samples 18.1 12.7 Scher?e Avg Elriogr Minimum Error
10 random samples 135 10.1 S-S:nndgin samples Zé 7 17'2
15 random samples 9.7 7.7 : :
P 10 random samples 19.8 151
Table 1. Predicting the Average: Comparison 15 random samples 14.7 10.7

of the k-median algorithm against random tri-

als with larger subsets, Table 2. Predicting the Maximum: Compari-

son of the k-center algorithm against random
trials with larger sensor sets.

4.3.2 Predicting the Maximum 4.4 Humidity Measurements

Next, we look at results for predicting tlreaximumvalue In a third set of experiments, we use our algorithms
among all sensors, using a subset of just 5 sensors. Using, humidity measurements (measured in percentage) taken
the greedyk-center approximation algorithm with = 5, from the SensorScope sensor deployment, an outdoor envi-
we choose a subsgtof 5 sensors to be subsequently used ronment. The data were recorded over a period of 4 days
for prediction, i.e., a 5-center solution. from October 1st to October 4th, 2007, at intervals of a few

The prediction error over the seven days of test dataminutes. We cleaned the data by using a median filter to
varies from 0% to 59%, with an average prediction error of remove outliers.

14.9%. As before, we compare this performance againstthe Figure 1 plots the coefficient of variation (the ratio of
minimum and mean error from 20 random sets of 5 nodes standard deviation to the mean) for the humidity measure-
chosen each day. Figure 4 plots the prediction errors for ments over different days and times. The standard deviation
our k-center algorithm versus the random trials for all 7 varies between 4.2% and 18% of the mean, with an average
days. Our algorithm significantly outperforms the error-cor  standard deviation of 10.4% of the mean. Thus, the outdoor
responding to the mean of the random trials, and most of thehumidity data have intrinsically less spatial variancentha
time also does better than the minimum of the random trials the indoor light data. (The other measured quantities & thi
for each day. data set varied even less.)

As in the case of estimating the average, we also com-  Our algorithm uses data from October 1st as training data
pare our algorithm against 50 trials of a randomly chosen to construct the empirical distance metric. Measurements
set of 5, 10, or 15 sensors that is kept constant over all daysover the remaining three days were used as test cases.

As earlier, the mean and minimum prediction error over 50  Based on the estimated metric, we run thmedian ap-
random trials of 5 sensors is worse than that of our algo- proximation algorithm withk = 3 to choose a subsét of
rithm, and it takes 15 randomly chosen sensors to improve3 sensors. That subset is then used to predict the average
on the performance of the 5-center solution. Table 2 sum-humidity for the remaining three days. As before, we eval-
marizes these results. uate the prediction at 3-hour intervals, and smoothen @ut th



Scheme Avg Error  Minimum Error

. 3-median 2.2 -

1 3 random samples 2.6 1.7
* 6 random samples 2.0 1.3
. 9 random samples 1.1 0.47

Table 3. Predicting the Average: Comparison
of the k-median algorithm against random tri-
als with larger sensor sets

Coefficient of Variation
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of the same size. The reason partly lies in the low spatial
variance of the data, and partly in the high temporal vari-
ance. Simply by the law of large numbers, after sufficiently
many trials, the error of random sets will likely be small;
due to the small spatial variance, the number of such trials
needed is not very high. More importantly, the high tem-
measured values over 10-minute windows. poral variance evident in Figure 5 suggests that the distanc
Figure 6 shows the prediction error (in percentage) in es- learned from the first day of data may not be most appropri-
timating the average over the three days at 3-hour intervals ate for later days.
The error varies from 0.34% to 7%, with an average pre-
diction error of 2.2%, roughly a five-fold improvement over
the standard deviation.

Figure 5. Coefficient of variation over humid-
ity measurements.

5 Conclusions

We have presented an optimization formulation for find-
ing the best set of sensors to predict an aggregate function.
We assumed worst-case behavior of the actual values sub-
ject to hard, metric-induced constraints.This led to pngvi
an equivalence with selectingkamedian respk-center so-
lution. Our experiments on real-world data showed that
these approaches can be expected to choose good sets for
prediction in practice.

Many interesting questions remain for future work. For

instance, the behavior of sensors at distahceed not be

L symmetric. It may be known that sens&r value is always
] — WAMGAM"AM at least as large as sensps, and they differ by at most

¥ Hour d(i, 7). This leads to an asymmetric notion of distance. In
future work, we intend to investigate whether good approxi-

Figure 6. Predicting the Average: Prediction mation algorithms eXiSt fOI’ th|S asymmetl’ic distance thIO

error using the  k-median algorithm. The general framework we provide in Section 3.3 gives

a characterization of the adversary’s behavior. However, i
does not guarantee the existence of a good approximation

As before, we compare the prediction error against the algorithm to optimize the particular objective function at
best and average error over 50 trials of randomly chosen setdiand. Extending the known algorithms fbfmedian and
of 3, 6, or 9 sensors. Once chosen, the set is used to predick-center to different coverage problems would be very in-
the average humidity over all three days of test instances.teresting. Indeed, this question is meaningful even when th
The mean prediction error of 50 random iterations choosing adversary will not reveal identical values at all locatiolms
3 sensors is 2.6%, and the minimum is 1.7%. For 6 sensorsparticular, it would be intriguing how well one can approx-
these values improve to 2.0% and 1.3%, respectively, andimate themedianof all sensor values.
for 9 random samples to 1.1% and 0.47%. The results are  Much like standard adversarial analysis (e.g., in online
summarized in Table 3. algorithms), the adversary in our model is very powerful, in

In this case, the performance of themedian algorithm  that he knows all choices that will be made by the algorithm.
is not significantly better than that of a randomly chosen set A standard way to guard against such worst-case behavior

= N
3} =}

Coefficient of variation
=
o




is via randomness, and the assumption that the adversanj11] A. Das and D. Kempe. Algorithms for subset selection in

knows the randomized algorithm, but not the outcome of

the algorithm’s coin flips. Devising a randomized algorithm
for selecting a good subsgtto sample in this framework is
quite intriguing.

For example, if the sensors are evenly (and very densely)
spaced on a line, and we want to estimate the average b
sampling just one sensor, then the best deterministic algo-

linear regression. IMCM Symposium on Theory of Com-
puting 2008.

12] A. Deshpande, C. Guestrin, S. Madden, J. Hellerstein, and

13]

rithm should choose the midpoint of the line. However, [14]
choosing the point half the time, anct the other half re-
sults in an expected error orty 3 of the deterministic strat-
egy. In ongoing work, we are investigating the best possible [15]

distribution to use for sampling sets, on a line or in more

general settings. Even for a line, the problem is non-tkivia

the maximum improvement possible over the deterministic

strategy appears to lie strictly betwegrand 1.
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